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Research Objectives

The objective of this study is to develop a set of guidelines and analytical
tools for use by practicing engineers to determine the collapse limit state of
structures.  A program of shake table testing of simple frames through col-
lapse was carried out, and analytical strategies to capture this behavior have
been developed and made available on the web via MCEER’s users network.
The research performed here helps to develop a better understanding of the
collapse mechanism and provides tools for further investigation.

Analysis, Testing and Initial
Recommendations on Collapse
Limit States of Frames

by Darren Vian, Mettupalayam Sivaselvan, Michel Bruneau and  Andrei Reinhorn

As inelastic behavior is more extensively relied upon in the dissipation
of seismic input energy, the destabilizing effect of gravity becomes

more significant in the structural evaluation of existing structures. How-
ever, practicing engineers have limited confidence in the adequacy of cur-
rently available analytical tools to accurately predict when collapse will
occur (i.e., the collapse limit state).  As a result, there is a need to investigate
the seismic behavior of structures to enhance our understanding of the
condition ultimately leading to their collapse, and to ensure public safety
during extreme events.  While many experimental studies and theoretical
damage models support these calculated values, it remains that few experi-
mental studies have pushed the shake table tests up to collapse.

This paper presents the results of research to provide some of that data
through a program of shake-table testing of simple frames through col-
lapse, developments of analytical strategies to capture this behavior, and
recommendations for design.  Note that every effort was made to ensure
that the experimental data is fully documented (geometry, material prop-
erties, initial imperfections, detailed test results, etc.); it will be made broadly
available on MCEER’s Users Network such that these tests can be used at
a later time by other researchers as a benchmark to which analytical mod-
els can be compared.  An example of such use is the development made
by the authors, described herein, using the benchmark test results.

Experimental Program
Fifteen specimens, each consisting of four columns, were tested to

failure in the course of this research.  These were subdivided into three
groups of five with slenderness ratios of 100, 150, and 200.  The dimen-
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sions and mass used were varied
within each group.  Nominal speci-
men column widths ranged from
2.8 mm (1/8 in) to 9.8 mm (3/8 in).
Column heights ranged from
91.7 mm (5.41 in) to 549.9 mm
(21.65 in). Individual columns were

cut from hot-rolled steel plate and
then milled to size.  Mass applied
to each specimen column varied
from approximately 150 kg to
385 kg.  Predicted fundamental pe-
riod of vibration for the specimens,
using nominal dimensions, varied
from 0.191 sec up to 1.098 sec con-
sidering the P-∆ effect. Note that
the specimens were not intended
to be scaled models of actual struc-
tures; therefore unscaled ground
motions were used.

A sample column layout is shown
in Figure 1.  A range of values for
axial capacity versus demand, P

u
/

P
n
, was used for each slenderness

ratio, where P
u
 is the weight of the

mass plates used in the test, and P
n

is the axial capacity of all columns
in the specimen, calculated using
the AISC-LRFD specifications (AISC
1993).  This range of values is
shown in Figure 2.  A number of
initial imperfections were carefully
measured and documented, and
movement in the transverse direc-
tion was prevented by f lexible
braces verified to have no impact
on behavior in the principal direc-
tion, as reported in Vian and
Bruneau (2001).

A schematic of the test setup and
instrumentation is shown in Figure
3. Some special attachments and
modifications to standard displace-
ment transducers were developed
(Vian and Bruneau, 2001) to ensure
reliable measurements up to and

The experimental data and analytical models from this
research can be used by other researchers as a benchmark
for comparison. Eventually, the research will enable struc-
tural engineers to adequately predict when collapse of a
given structure will occur, thus ensuring public safety dur-
ing strong earthquakes.

MCEER Users Network:
http://civil.eng.buffalo.edu/
users_ntwk
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through collapse, but these details
are beyond the scope of this paper.

 A free vibration test was first per-
formed on each specimen. Subse-
quently applied were a number of
ground motions progressively in-
creasing in magnitude from approxi-
mately two-thirds of the estimated
peak elastic response to the esti-

mated peak inelastic response.
Among all the data recorded and
stored, it is noteworthy that the ac-
tual total horizontal displacement of
a specimen was calculated using the
correction shown in Figure 4.
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Summary of Test Results

The fundamental period of vibra-
tion of each specimen is obtained
experimentally via Fourier Spec-
trum Analysis of the time history
data of free-vibration tests. Interest-
ingly, the damping ratio was ob-
served to vary as a function of the
amplitude of linear elastic response.
Results from the tests to collapse
include:
• Seismic response of shake table

tests including time history plots
of target table acceleration, mea-
sured and filtered table accelera-
tion, total mass acceleration,
relative mass displacement, as
well as a plot of estimated base
shear including P-∆, V

p
*, versus

relative displacement.
• Time history plots of relative dis-

placement for each test in the
schedule for comparison of dis-
placements throughout the
range of progressive collapse.

• Plots of estimated base shear, V
p
*,

normalized by the plastic base

shear, V
yo

, versus displacement
ductility, µ, as well as similar plots
of base shear versus percent
drift, γ (=u

rel-max
/L

avg
).

Some typical results are shown in
Figure 5.

Behavioral Trends

The value of the stability factor, in-
dicated in the preceding discussion,
has a significant effect on the re-
sponse of the structure.  In practical
bridge and building structures, θ is
unlikely to be greater than 0.10, and
is generally less than 0.060 (MacRae
et. al., 1993).  Specimen 1 is the only
one here that has a θ value near that
suggested practical range for the sta-
bility factor, with a value of 0.065.
Specimens 2, 6, and 11 have stability
factors slightly larger than the likely
upper limit, at 0.123, 0.101, and 0.138,
respectively.  All other specimens
have a value of θ ≥ 0.155.

Three dimensionless acceleration
parameters were compared with
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five dimensionless displacement
parameters. The following general
observations can be made:
• The elastic spectral acceleration,

S
a
, ductility, µ, and percent drift,

γ, were observed to have inverse
relationships with θ.  In support
of this observation, these vari-
ables are plotted in Figures 6
and 7 versus the stability factor
for the next to last test (given
subscript "final").  This suggests
that the structures may be less
able to undergo large inelastic
excursions before imminent in-
stability as the stability factor in-
creases.

• Specimen 1 was the only speci-
men that underwent both a duc-
tility greater than five (20.35),
and a drift larger than 20% of the
specimen height (64%), prior to
collapse, as shown in Figure 7.
Recall that this is the only speci-
men that has a value of θ less
than 0.1.

 Overall, these Figures show a high
dependence of ultimate inelastic
behavior upon the stability factor for
a P-∆ affected structure.  For the
specimens tested in this research,
those that had a value of θ equal to
or greater than 0.1, tended to have a
relatively low level of inelastic behav-
ior before collapse of the structure.
Structures with θ < 0.1 were able to
withstand ground motions with
higher spectral accelerations, expe-
rience larger values of ductility, and
accumulate larger drifts, than those
with θ > 0.1.  The more slender struc-
tures, characterized by a larger θ
value, will undergo relatively small
inelastic excursions prior to collapse.
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Analytical Modeling
and Verification using
Data Generated From
the Experiments

Data from the experiments per-
formed in this research can be used
in the verification of time history
analysis programs in the modeling
of inelastic structural behavior up
to collapse. In these studies, an at-
tempt was made to formulate a
flexibility-based planar beam-col-
umn element, which can deform
inelastically until it looses stability
or deteriorates and cannot sustain
gravity loads. The formulation has
no restrictions on the size of rota-
tions, using one co-rotational frame
for the element to represent rigid-
body motion, and a set of co-rota-
tional frames attached to the
integration points, as customarily
used to represent the constitutive
equations.  The formulation shown
in the next section provides an en-
hancement to the existing models
by adding the inelastic behavior in
an element, which is stable under
static and reversible loads with
large deformations using the flex-

ibility approach.  The solution pro-
cedure associated with the model
allows verifying their performance
up to complete collapse.

Element Equations

Figure 8 shows the deformed
shape of an Euler-Bernoulli beam
in co-rotational coordinates at-
tached to the initially straight
centerline of the beam. The non-
linear strain displacement relation-
ships are given (Huddleston, 1979)
by:

d
dx
θ ε φ= +( )1 (1)

d
dx

ξ ε θ= +( )1 cos (2)

d
dx
η ε θ= +( )1 sin (3)

where (ξ,η) is the coordinate of
a point which was at (x,0) before
deformation, θ is the angle made
by the tangent to the center-line
with the horizontal, ε is the axial
strain of the centerline and φ is the
curvature.
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� Figure 8.   Euler Bernoulli Beam Subjected to Large Deformation
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 Considering a small perturbation
about this deformed position, the
incremental compatibility condi-
tions are given by:

d
dx

˙
˙ ˙θ εφ ε φ= + +( )1 (4)

d
dx

˙
˙ cos sin ˙ξ ε θ ε θ θ= − +( )[ ]1 (5)

d
dx

˙
˙ sin cos ˙η ε θ ε θ θ= + +( )[ ]1 (6)

Integrating these equations over
the length of the element and per-
forming a series of integrations by
parts, the following variational
equation is obtained:

˙

˙

˙

˙

˙
˜̇

˙u b b=
















=








=∫ ∫
u

u

u

dx dx
L L1

2

3
0 0

T Tε
φ

ε

(7)
where u

1
 = axial displacement,

u
2
 = rotation at left end and u

3
 =

rotation at right end as shown in
Figure 8, φ̃  = (1+ε) φ  and is found
to be the work conjugate of the co-
rotational moment. This agrees
with the result of Reissner (1972).
b is a matrix given by:

b =
− −

−



















cos
sin
( )

sin
( )

( ) ( )

θ θ
ξ

θ
ξ

η ξ
ξ

ξ
ξ

L L

L L
1

(8)

Constitutive Model

In this work, the inelastic behav-
ior of the members is captured in
a global sense. The relationships be-
tween stress resultants (axial force,
bending moment, etc.) and gener-
alized strains (centerline strain, cur-
vature, etc.) are used directly

instead of stress-strain relationships.
Simeonov and Reinhorn (2001)
derived a smooth three-dimen-
sional plasticity model for arbi-
trarily shaped yield functions and
used it to represent the constitu-
tive behavior of beam-column
cross-sections.   This model is based
on a parallel-spring plasticity model
(Park and Reinhorn, 1986, and
Nelson and Dorfmann, 1995) with
an extension of Bouc-Wen hyster-
etic model (Wen, 1976, Sivaselvan
and Reinhorn, 2000) and its gener-
alization to multiple dimensions by
Casciati (1989).  The model deter-
mines the generalized force, F, vec-
tor (forces and moments) as:

F = F + Fe h
(9)

Fe = aε           (10)

˙ ˙F I a K I - B0h H H= −( ) [ ]1 2 ε   (11)

where, F
e
 and F

h
 are the elastic

and hysteretic components of F, a
is the diagonal matrix of post-yield
rigidity ratios, ε is the vector of
strains and curvatures, K

0
 is the ini-

tial tangent rigidity matrix, I is the
identity matrix and H

1
 and H

2
, the

step functions for yielding and for
loading reversals, respectively, are
described below.   B is the force-
moment interaction matrix:

B =
( )( ) ( )
( ) ( ) ( )

∂
∂

∂
∂

∂
∂

∂
∂

Φ Φ

Φ Φ

F F 0

F 0 F

h h

h h

I - a K

I - a K

T

T       (12)

where Φ(F
h
) is the yield function.

H
1
(F

h
) is the step function the de-

noted yielding given by:

H
N

1 = ( )Φ Fh           (13)

where N is a parameter that gov-
erns the smoothness of the transi-
tion from the elastic to the plastic
state.  When N tends to infinity then
the model collapses to a bilinear
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model.  H
2
(F

h
, &ε ) is the step func-

tion denoting loading/unloading,
given by:

H h2 1 2= ( ) +η ηsgn ˙F Tε          (14)

where η
1
 and η

2
 are parameters

that govern the shape of the un-
loading curve. η

1
 + η

2
 = 1 to en-

sure compatibility with classical
plasticity theory. It can be noticed
that Eq. (7) is an implementation
of the principle of virtual forces in
rate form.

The compatibility equations (7)
and the constitutive equations (9)
to (14), are written as a set of dif-
ferential-algebraic equations (DAE)
along with the global equations of
motion as proposed by Simeonov
et al., (2000). The resulting system
of equations is solved by the Back-
ward Difference Method using the
routine DASSL (Brenan et al., 1996).

Verification Study

The results of the above develop-
ments are compared to those from
other computational solutions as
well as with the collapse experi-
ments described above. The param-
eters of the example for verification
were chosen to correspond to
specimen 10a (Vian and Bruneau,
2001). This specimen consists of
four columns each 137 mm tall and
having a square cross-section of
side 3.1 mm (see Figure 9). In the
first step, the constitutive model of
this cross-section is derived.  The
plastic interaction function of the
square cross-section is shown in
Figure 10. The yield function for
positive and negative directions of
the bending moment can be com-
bined to obtain a single yield func-
tion as follows:

Φ P M p m p,( ) = + − −2 12 2 4  (15)

where p = P/P
P
, m = M/M

p
, P

P
=

plastic axial force and M
p

= plastic
moment.

The formulation for this study is
using the yield function and a
smoothness parameter N=2 in Eq.
(13) to represent the transition
from initial yield to the plastic state.
Equation (15) is substituted in equa-
tions (9) to (14) to obtain the nec-
essary constitutive model.

m

p

1.0

1.0

-1.0

-1.0

2
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� Figure 9.  Typical Specimen

� Figure 10.  Yield Surface of a Square
Cross-section
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The results obtained from the cur-
rent formulation and those from the
finite element analysis program
ABAQUS for monotonic loadings, are
shown in Figure 11 with good agree-
ment. Figure 12 shows monotonic
deflections of columns leading to
complete loss of strength assuming
actual elastic material behavior.  The
slight difference between the results
stems from the representation of
moment-curvature-behavior in the
current approach vs. ABAQUS. The
present formulation uses the smooth-
ness parameter N=2 to represent the
post-yield behavior. While this is suf-
ficient for structural steel sections, a
more accurate description is re-
quired for a square section. Efforts
are underway to incorporate the ex-
act moment-curvature equation pre-
sented by Stronge and Yu (1993).

In the dynamic analysis, the speci-
men was subjected to histories
used in the experiment without
considering the initial state of the
model (previously subjected to se-
ries of base motions) and the re-
sult is shown in Figures 13 and 14.

The time history results differ
from those obtained in the experi-
ment (see Figure 14).  However,
when the initial deformation of the
model is considered, the analysis
model shows same pattern as the
experiment as shown in Figure 15.

Comparison with
NCHRP 12-49
Proposed P-∆ Limits

The National Cooperative High-
way Research Program (NCHRP),
Project 12-49, under the auspices
of the Transportation Research
Board, is investigating seismic de-
sign of bridges from all relevant as-
pects.  At the conclusion of this
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project, proposed revisions to the
current LRFD specifications for
highway bridges will be presented
to the American Association of State
Highway Transportation Organiza-
tions (AASHTO) for review and
possible implementation.  Included
in the proposed revisions are how
additional demands from P-∆ affect
structural performance.  The most
recent proposed provision, as of
this writing, states:

The displacement of a pier or
bent in the longitudinal and
transverse direction must satisfy
proposed AASHTO LRFD Equation
3.10.3.9.4-1:

∆m C
W

P
H≤ ⋅ ⋅




⋅0 25.          (16)

where:
∆

m
 = R

d
∆; R

d
 is the factor related

to response modification factor and
fundamental period; ∆ is the dis-
placement demand from the seis-
mic analysis; C is the seismic base
shear coefficient based on lateral
strength; W is the weight of the
mass participating in the response
of the pier; P is the vertical load on
the pier from non-seismic loads;
and H is the height of the pier.

For analysis of the specimens in
this research, the W/P ratio is
equal to unity, and the measured
experimental displacements, u

rel
,

and estimated base shear coeffi-
cient, C

s
*, can substitute for ∆

m

and C, respectively.
Figure 16 compares the proposed

limit with the peak experimental
responses.  The estimated base
shear coefficient, C

s
*, is plotted as

a function of the maximum drift, γ.
Results for specimens with θ < 0.25
(1, 2, 4, 6, 7, 11, and 12) are shown.
During the initial tests, when the
proposed limit was satisfied, none
of these specimens failed.  Due to
repeated inelastic action, the cumu-
lative drifts of the structure in-
creased, eventually causing
progressive collapse and violating
the proposed limit.  Collapse always
occurred only after the limit was
exceeded in a prior test, thus vali-
dating the proposed criterion.  As
shown in Figure 16, the remaining
specimens, for which θ ≥ 0.25,
never satisfied the drift criteria,
even for those tests that remained
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in the elastic range.  The stability
factor for these specimens, how-
ever, is well above the practical
range discussed previously; there-
fore, the limit violation is of no con-
sequence.

Conclusions
The experimental data generated

by this project provides a well-
documented database of shake
table tests of a SDOF system sub-
jected to earthquakes of progres-
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sively increasing intensity up to col-
lapse due to instability.  This data
will be useful for, and shared with,
other researchers who may wish to
validate or develop algorithms ca-
pable of modeling inelastic behav-
ior of steel frame structures up to
and including collapse.  The data
presented here will also be located
on the Internet (with all interme-
diate data files) for immediate ac-
cess by other researchers.

An attempt was made to analyti-
cally model the collapse using an
advanced flexibility based formu-
lation with large deformation in-
elastic behavior.  The verifications
and the refinement of the model
are done using the experimental
data.  Parametric studies can be per-
formed with the model to support
further codes and standards devel-
opment efforts.

The research presented here
demonstrated a number of impor-

tant points that must be considered
in the design of slender steel struc-
tures.  The stability coefficient, θ,
has the most significant effect on
the behavior of the structure.  As θ
increases, the maximum attainable
ductility, sustainable drift, and spec-
tral acceleration, which can be re-
sisted before collapse, all decrease.
When this factor is larger than 0.1,
the ultimate values of the maxi-
mum spectral acceleration, dis-
placement ductility, and drift
reached before collapse are all
grouped below values of 0.75 g, 5,
and 20%, respectively.  Stability co-
efficient values less than 0.1 tend
to increase each of those response
values significantly.  The research
performed here helped develop a
better understanding of the col-
lapse mechanism and provides the
tools for further work to modify or
improve current design standards.
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